In this Letter the kernel of the integral transform that relates the field quantities over an observation flat plane to the corresponding quantities on another observation plane parallel with the first one is fractionalized for the two-dimensional (2-D) monochromatic wave propagation. It is shown that such fractionalized kernels, with fractionalization parameter ν between zero and unity, are the kernels of the integral transforms that provide the field quantities over the parallel planes between the two original planes. With proper choice of the first two planes, these fractional kernels can provide us with a natural way of interpreting the fields in the intermediate zones (i.e., the region between the near and the far zones) in certain electromagnetic problems. The evolution of these fractional kernels into the Fresnel and Fraunhofer diffraction kernels is addressed. The limit of these fractional kernels for the static case is also mentioned. 
Introduction
In the past few years, we have been interested in developing and studying the fractional paradigm in electromagnetic theory [1] [2] [3] [4] [5] [6] [7] . In such a paradigm, the goal is to bring the tools of fractional calculus (see e.g., [8] )--the topic that deals with fractional differentiation and integration--and in general fractionalization of various operators and the electromagnetic theory together and to find applications of such fractionalized operators in electromagnetic problems. The basic idea behind this paradigm is to find the fractional or "interpolated" responses that are effectively intermediate situations between the canonical solutions to a given problem [1] . If the canonical cases are labeled Case 1 and Case 2 and if there exists an operator L that maps Case 1 onto Case 2, then one would inquire whether the fractionalization of such an operator would provide us with the "fractional" or interpolated solutions that are considered intermediate between the Cases 1 and 2. Some of the detail behind this idea and a general recipe for the fractionalization of operator L are described in [1, 2] . Here, we present another case study that addresses the issue of the fractionalization of operators and its roles in intermediate zones in
electromagnetism.
The idea is this: since fractional derivatives/integrals effectively address the "intermediate behavior" for the differentiation/integration operators, can fractionalization of some appropriate operators provide us with proper tools to tackle certain electromagnetic problems involving intermediate zones? It is well known that for a given charge and/or current distributions, whether it is a static or dynamic case, the quantities of interest such as electric fields or potentials resulted from such a source may be expressed in terms of integrals involving the appropriate Green functions and the given source.
Furthermore, it is also well known that in order to find some simpler expressions for the -3-quantity of interest, usually more attention has been paid to the analysis of the far fields and the near fields while less attention has been aimed at the intermediate zones. In the present work we show that if the appropriate kernels of integral transforms, which relate quantities of interest in the near zone to the quantities in the far-zone region, are considered and then are properly "fractionalized", such "fractionalized kernels" can act as kernels of integral transforms that "link" the near-zone quantities to the quantities at the intermediate zones.
This would provide another logical interpretation for the intermediate zones as the regions where the integral transform with fractionalized kernels can give the fields and potentials. The detail of this problem is given in the following section.
Geometry and Formulation of the Problem
Consider a Cartesian coordinate system ( , , ) x y z and a monochromatic source represented as the volume current density J in free space. The time dependence of e i t is assumed throughout this work. Without loss of generality for presenting the idea and for the sake of simplicity in the mathematical formulation here, we assume the problem to be a two-dimensional (2-D) one in which all quantities of interest are independent of ycoordinate, the source J J = ( , ) x z is a function of the x-and z-coordinates, and its transverse cross section in the x-z plane is confined to a limited region. 
where, after proper mathematical steps, the kernel K x z x z o ( , ; ' , ) 1 can be explicitly written 
where~ ( given in Eq. (2), one can find
which is consistent with the propagator in the positive z direction for the Helmholtz operator + 
So we can write
Now we pose the following question: If we properly "fractionalize" this operator L and symbolically show such a fractionalized operator as L where is a fractionalization 
where f x m ( ) and a m are the eigenfunctions and eigenvalues of the operator L . Here
,2, , , L with n being the dimension of the space of the domain (and the range) of the operator L . For the operator L given in Eq. (6), we then have
To describe the eigenfunctions and eigenvalues of this operator, we take the spatial Fourier transform of Eq. (8) (with respect to variable x) and obtaiñ 
If we write the new "fractional" operator L as the following integral operator
we need to find the kernel K x x z z o ( ' , ) 1 , which we name fractional kernel here.
Having the expression for the eigenvalues of the fractional operator L , we can find the 
with 0 1 . 2 In the next section, we will discuss some of the notable features of this fractional kernel.
Physical Remarks
When one compares Eqs. (2) and (17), one notices that 
It can be easily seen that the integral transform with such fractional kernel satisfies the general features of fractionalized operators discussed in our previous work [1, 2] .
Specifically it can be shown that when the fractionalization parameter approaches 
and thus the fractional kernel K can be explicitly written as
We notice again that when 0, the intermediate plane would approach z o , and when 1, it will go to the original plane at z 1 . Therefore, the fractional kernel K given in Eq. (20), which is the result of fractionalization of the original kernel K in Eq. (17) connecting the function at the plane z o to the corresponding function at the plane z 1 , is a kernel that "links" the function at the plane z o to the function at an intermediate plane at and unity would provide another way to interpret the fields in the intermediate zones.
Therefore, for observation points on parallel flat planes (i.e., planar observation) in the Cartesian coordinate system as described here, the fractionalization of the near-zone to far-zone mapping provides us with the kernel for the intermediate zones.
In the general expression for the fractional kernel, when the parameter is specified at a non-integer value between zero and unity, the value of z is then determined from Eq. (19) . Conversely, if we are interested in determining the fractional kernel for a specified plane of observation at z , then we can find the value of from the
Knowing , we can then determine the appropriate fractional kernel from Eq. (17) (or needless to say, alternatively, this kernel can be obtained directly from Eq. (20) when z is specified.)
The fractionalization of such kernels and the relationship between the fractionalization parameter and the location of the observation plane z become even more evident, if the z-coordinate is chosen such that the original plane is at z o = 0. 3 In this case, z z = 1 , and it can be easily seen that as varies from zero to unity, z evolves from zero to z 1 .
It must be noted that although the fractionalization parameter is taken to be between zero and unity in the aforementioned discussion, it does not have to be limited to this range and it can take values larger than unity in the expression for the fractional kernel in Eq. (20) (or Eq. (17) or (18)). For > 1, the value of z in Eq. 
which is the conventional Fraunhofer diffraction kernel for the 2-D propagation problem.
So as the parameter increases from zero and gets increasing larger, the fractional kernel 
